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ON THE BURNSIDE PROBLEM ON PERIODIC GROUPS 



, ■ Sergei V. Ivanov 
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Qs ' Abstract. It is proved that the free m-generated Burnside groups M(m,n) of ex- 

,__( ' ponent n are infinite provided that m > 1, n > 2^®. 
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In 1902 William Burnside posed the following problem [2]. Does a group G have 
to he finite provided that G has a finite set of generators and its elements satisfy 
the identity x" = 1? In other words, must a finitely generated group G of exponent 
n be finite? 

In the same paper, Burnside proved that the problem was solved in the affir- 
mative for groups of exponents 2, 3 and for 2-generated groups of exponent 4 as 
well. 

2 ' In 1940 Sanov [12] obtained a positive solution to the Burnside problem for the 

case of exponent 4. 

The next significant step was made by Marshall Hall [4] in 1957 when he solved 
the problem in the aSirmative for the exponent of 6. 

In 1964 Golod [3] found the first example of an infinite periodic group with a finite 
number of generators. Although that example did not satisfy the identity x" = 1, 
Cn ' i.e., the group was of unbounded exponent, it gave the first positive evidence that 

^i^ , the Burnside problem might not be solved affirmatively for all exponents (and it 

might possibly fail for very large exponents). 
^v^ , In 1968 Novikov and Adian achieved a real breakthrough in a series of funda- 

ON ' mental papers [9] in which some ideas put forward by Novikov [8] in 1959 were de- 

veloped to prove that there are infinite periodic groups of odd exponents n > 4381 
with m > 1 generators. Later, Adian [1] improved the estimate up to n > 665 
(n is odd again). Notice in the papers [9] that, in fact, the free Burnside groups 
B(m, n) = Fm/F^, where F^, is a free group of rank m > 1 and F"^ is the normal 
subgroup of Wm generated by all nth powers (with odd n > 4381) of elements of 
1 J ■ Fm, were constructed and studied. Using a very complicated inductive construc- 

rS I tion, Novikov and Adian presented the group B(m, n) by defining relations of the 
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form A" = 1, where A's are some specially chosen elements of F^, and studied 
their consequences. They not only obtained the result that the group M(m, n) is 
infinite but also other important information about M{m,n). For example, it was 
proved that the word and conjugacy problems are solvable in M{m, n) and that any 
finite or abelian subgroup of M(m,n) is cyclic (under the restrictions on rn, and n 
above; for these and other results see [1]). 

At the same time, it should be pointed out that [9] is very long and of very 
complicated logical structure. 

In 1982 Ol'shanskii [10] succeeded in finding a considerably shorter proof of the 
theorem of Novikov and Adian, although the estimate n > 10^° (where n again is 
odd) of [10] is much worse than n > 665 of Adian's [1]. On the other hand, it is 
worth noting that the approach of Ol'shanskii's to treat the free Burnsidc groups 
M{m,n) is based on a powerful geometric method of graded diagrams (see [11, 6] 
for numerous applications of the method in combinatorial group theory). 

Thus, it is known that the Burnside problem is settled in the affirmative for 
exponents n = 2, 3, 4, 6 and in the negative for the exponents that have an odd 
divisor not less than 665 (the latter is an easy corollary of the theorem of Novikov 
and Adian). In particular, the Burnside problem still remains open for exponents 
of the form n = 2*^. Besides, there is no approach to study the free Burnside groups 
B(m, n) of even exponent n, even if n has a rather great odd divisor, and the only 
known characteristic of these groups is their infinitencss (unlike the case of odd 
exponents n > 665). 

Now let us mention an unpublished work [5] of the author's where the free 
Burnside groups M{m,2n) and B(77i,4n) with odd n 3> 1 were constructed by 
means of defining relations in order to prove solvability of the word and conjugacy 
problems for these groups and to obtain a description of their finite subgroups. All 
efforts to extend the techniques of [5] to study the groups B(?Ti, 8n) with odd n ;3> 1, 
however, were unsuccessful. 

In the meantime, quite new techniques have been developed in order to construct 
and study the free Burnside groups M{m, n) with any n 3> 1 regardless of the 
oddness of n. The key point of the techniques is in obtaining a complete description 
of finite subgroups of the free Burnside groups B(?Ti, n). Therefore, in Theorem A, 
which gives the negative solution to the problem of Burnside's for all rather great 
exponents, we include this description. 

Theorem A. Let B(rTi,n) he the free Burnside group of rank m and exponent n, 
TO > 1 and n > 2^^. Then 

(a) The group B(TO.,n) is infinite. 

(b) The word and conjugacy problems are solvable in B(TO,,n). 

(c) Suppose n ~ 2'^no, where uq is odd. // fc = {i.e. n is odd) then any finite 
subgroup ofM{m,n) is cyclic. If k > (i.e. n is even) then any finite subgroup of 
B(?Ti, n) is isomorphic to a subgroup of a direct product of two groups, one of which 
is a dihedral group of order 2n and the other is a direct product of several copies of 
a dihedral group of order 2*^+^. In particular, if n = 2^ then any finite subgroup of 
B(?Ti, n) is just a subgroup of a direct product of several copies of a dihedral group 
of order 2n. 

(d) The center of the group B(TO,,n) is trivial. 

Now let us give an inductive construction of the group B(to,, n) of any exponent 
n ;3> 1 by means by defining relations. Notice that this construction repeats (it is 
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a surprise in itself!) a construction invented by Ol'shanskii [10] for the case where 
n is odd. 

On the set of all nonempty reduced words over an alphabet A = {ui , ■ ■ ■ , cLm^} 
(we assume F^ to be the free group over the alphabet A), we introduce a total 
order ai -< 02 -< • • • such that \X\ < \Y\ implies X ^ Y, where |X| denotes the 
length of the word X. 

Now, for each i > 1, we define a word Ai called the period of rank i to be the 
smallest (in terms of the order "-<" introduced above) of those words over A whose 
orders in the group M(i — 1), given by the presentation 

(*) W - 1) = {af\ . . . , a±i| lAJ' - 1, . . . , At, = 1), 

are infinite. 

Notice that it is not clear a priori whether Ai exists for each i or not. Notice 
also that infiniteness of the free Burnside groups M(m,n) (under the restrictions 
on TO, n above) follows from the next Theorem B, since a finite group cannot be 
presented by infinitely many independent defining relations over a finite alphabet. 

Theorem B. Suppose m > 1 and n > 2*®. Then the period Ai of rank i does 
exist for each i > I, i.e., the system {A" = 1}^]^ is infinite. Next, the system 
{Af = l}^i can be taken as an independent set of defining relations of the free 
Burnside group B(to, n) and order of the period Ai of any rank i > 1 is equal in 
M{m, n) to n exactly. 

The following theorem contains some basic technical results about finite sub- 
groups of the groups B(i — 1) and M{m, n). Notice that one can derive the algebraic 
description of finite subgroups of M(rn,n) given in Theorem A (proceeding by in- 
duction on the maximum of heights of words of a finite subgroup of M(m, n)) from 
(a)-(e) of the following. 

Theorem C. Let M{m, n) be the free Burnside group of rank m > 1 and exponent 
n > 2*^, and suppose that J-'{Ai) is a maximal finite subgroup of the group M(i — 1) 
given by (*) with respect to the property that J-{Ai) is normalized by the period Ai 
of rank i. Next, denote by Ji a word such that the inclusions Jf , (J^A^)^ G J-'{Ai), 
hold in M(i — 1) {if there exists no such word we simply put Ji = 1). Then the 
following claims hold: 

(a) Any word W having finite order in M{i — 1) is conjugate in M(i — 1) to 
a word of the form A^T for some integer k, j < i and T G !F{Aj). Besides, 
conjugacy in M(i — 1) of the words A-^Ti and A;^T2, where Ti G J-{Aj-^) and 
T2 G J-{Aj^), ji,J2 < i, that are not equal in M(i — 1) to the identity yields ji = 72 
and fci = ±^2 (mod n). (Therefore, given a nontrivial word W , such a number j is 
defined uniquely in M{m, n) as well as in B(i — 1) and called the height of the word 
W.) 

(b) J^{Ai) is defined uniquely, embeds into M{m,n), consists of words whose 
heights are less than i, and is a 2-group. 

(c) Any finite subgroup of M(rn,n) consisting of words of heights < i and con- 
taining a word of height i exactly is conjugate to a subgroup of the group generated 
by Ai, Ji, and all words from J-'{Ai). 

(d) The subgroup T{Ai) o/B(z — 1) is normalized by Ji. 

(e) The words Ji and Ai act on the subgroup J^{Ai) ofM[i — 1) by conjugations 
in the same way as some words Vi and V2 act respectively, where Vi and V2 are 
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such that the subgroup o/B(i — 1) generated by Vi, V2 and by all words from J-'{Ai) 
is finite and the equation Jf ~ V^ {as well as (JiAi)'^ ~ (^1^2)^ provided Ji ^ 1) 
holds in R(i — 1). 

Let us conclude with some remarks about proofs of Theorems A, B, and C. 

First, in the case of odd n (this special case emerges as the simplest one where 
the finite subgroups !F{Ai) are trivial for all i), proofs of Theorems A, B, and C 
virtually repeat the proofs of Ol'shanskii's [10]. In particular, we use a geometric 
interpretation of deducibility of relations in a group from its defining relations (this 
interpretation is based on the notion of van Kampcn diagrams, see [7]). 

On the other hand, the case where n is even requires much more delicate investi- 
gations of various properties of finite subgroups of the free Burnside group M{m, n). 
As a matter of fact, we point out that these properties of finite subgroups of groups 
B(m, n) along with subgroups T{Ai) degenerate in the case of odd n, and so one 
can say that the works [1, 9, 10] primarily deal with most general characteristics of 
the groups B(TO,n). 

Finally, we mention that our estimate n > 2^* is rather rough and can be strongly 
improved at cost of complication of proofs. 

Added in proof . It has been known to the author that I. Lysionak, The infinity of 
Burnside groups of exponents 2'^ for k > 13 (preprint), announces an independent 
solution of the Burnside problem for exponents of the form 2'^ > 2^^ based on the 
Novikov-Adian method. 
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